
SOLUTION SHEET 4 :

1. Let KEL be a field extension of degree 2 .

Let xEL and mak be the

minimal polynomial of over K
.
Then degmak 2 if degingiv = 1

then a is the only roof of maik so mak clearly Splits in LIX).

Suppose that degman = 2 & let mak = X2 + aX +6 and let B be
the other root of mak .

Then-a= x+B = B = - a-dEL so

mak splits in L[X].

2. First suppose that KIL is normal and let o : L +E be a K-homo .

As L/k is normal L = SFy(S) for SEKIX] . Let feS and &tL be

a root of f .

Then as O is a k-homo,
O(1 is also a root of f and OCIEL

.

This shows that O(L1 EL
.

To see that o is surjective Let BEL andI

consider the field extension KIKIB2 , -1 Bd) where Biare the roots of

maik in L
.
Then KEKIB2- ,Bd) is a finite extension , let be its

degree.

Consider the restriction of 5 on KLBL , - ,Bol , its image is contained

in KLB1 , - , Bd) hence O KIBs ,
- - Bdl is a sub K-vector space of

K(B2 , - , Bal but o is injective dimo(k(B1 , - Bd) = 9 -O(KLBs , -BalK

= KIB1 , - , Bal E Butimo and o is surjective .

* Here we don't use that KEL is normal
.
It suffices that LIEL

Suppose that for every K-homo .
O : LeE

,
OlL) =1

. Let LEL and
Consider the irreducible polynomial mak of d over K

.
Let BER be an

another root of mak. Consider the K-isomorphism , 4 : K(x) + k(B).
+ B .

4 yield a k-horo. F : K(x) ESKLB)-> K
.

Consider the following fact :

Fact : Let4 : H + A be a field homo ,
and A be algebraically closed . Suppose

-

that H&Q is an algebraic field extension then of extends to $ : Q + A .

Using this fact extend &Y : K(x) etC to a k-homo
. F :LeF. Now

by hypothesis F(L) = ( so FIl = BEL theepre L contains all the roots

of mak & KIL is normal.

3. As L/K is finite Galois of degree 2d ,
IGal(4/k)l = 2d. As I is odd

22 is the highest power of 2 dividing 2d. Now by Sylow thereas
there exists H-Gal(L/kI with 1H1= 2. This shows that indexof
H is IGalL/kI : H1 = (Gal(L/kI)/IH1 = d

.



4. Recall the quaternion group Q :

Q = (1 , i , jikil ,
- i

, -j ,
-2) it= - 1 ij= -k ik = j

j2 =
- 1 ji = k jk= -i

k2= - 1 ki = -] kij= i
Let %2 , %2 , %s , Xy be the roots of f .

Let K :=Q1 ,
- , ful . Any element in

G := Gal(K/Q) is determined by its action on da , da , d3 ,Xy .
Leti be the number

of distinct roots then G embeds into Sn as it permutes the roots. If n < 4

IGI 8 so GEQ
· Suppose that n=4 then G 4 S4. But no subgroup of

S4 is isomorphic to Q
.
Indeed ,

there are Gelements of order 4 in Q

kijik ,
-i , -j ,

-b) and there are 6 elements of order 4 in Sy these are the

4-cycles. However
,
all elements of order 4 have the same square inQ

but not in S4.

3. Suppose that F/K is normal
.
Let deF , zeGallL/k) and OtH Then +(d)

-

is another root of mak and is contained inF by normality. Therefore ,

& (t(x)l = +(x) = +" Ork)=d
.
As this holds for all xEF

,
-Or EH and

HEGall (/k)
.

Now suppose that HOGal(2/k) and let 2,0 be as before
.

Then as L/K

is Galois
, Main Splits in L[X] Let Bbe a Not of Maik .

As L/K is Galois
,

Gall(/kI acts transitively on the roots of mak of there exist HE Gal((/k)
such that 4(a) = B. By normality of H , 4-84(x) = < - 0(4(11=4(2)=B
=> OLBl= B - BEF- FIk is normal

.

Suppose that HO Gal(L/k) and define
*P : Gal(2/k)-Gal(F(k)

O IF

ifOth then Of = ide so He keed but also the fixed field of kerd contains

# this KePCH = H= kert
.
It remains to show that If is surjective .

Let XEGal(F(k) then by the normality of L/K X extends to an automorphism
* of L fixing K so we have XIE = XX

. This shows that I is subjective
and GallL/kI/M = GallFIRI

.

* Here we use that H & GulLL/k) therefore F/K is normal and JF(FEF .



(6) (i) QQ(52 , 53) : As charQ =0 the extension is separable. It can be

seen that Q(52 , 53) = SFQ)(X-52)(x+52)(X+53)(X-(3)) so the extension is

normal therefore it is a Galois extension.

It is clear that [Q(52 , 53) :Q= 4 => 1G1= 4 wher G = Gal(Q(2 , 53)/Q)
.

Note that there are 2 groups of order 4 which are 2/2204122 &*/41.
Take teG then elzl =+ 52 indeed - permutes the roots of the

-

polynomial X2-2 ,
likewise +153) = 15

,
in any case we get reside

Therefore GE /22E2/22 and the elements are given by,

Sid
. + , 0, To whereThe =E toil = -E
non trivial 7(53) = 53 ·(5) = -E To(53) = -E

There are 34subgroups , He= lid
,et ,

Hz = Sid
,
82

, He = Sid
,
to3.

Clearly the fixed field of He is Q(5) that of He is Q(52) .

Notice that t is fixed by He thus the fixed field of H3 is Q56)
.

Finally the fixed field ofthe subgroup Sidy is Q(52 ,
537

.

(ii) QEQ(n) : As before separability is clear. To see normality note that

Q(y) = SFa(x5 -1)
.

The minimal polynomial of 17 over Q is given by X" + X3+x2+ X +1 hence

[Q() :Q = 4 => IG = 4 where G : = Gal(QI/Q) · Consider the
Q - automorphism - given by ely) = n2. Note that such a reexists

as Galois groups act transitively on the roots of minimal polynomials.
It can be seen that iteratingI we obtain all the roots of
X4 + X3+X+X + 1 and the order of e is 4 . This shows that GEX/4·
The only non trivial subgroup is Hi= lid , +23 . Observe that I fixes

↑
2 ++3 thus the fixed field of H contains Q(M + 13) ·

It can be

also seen that Mith? = X+ X+1 thus [Q( + +3) : Q] = 2 which shows

that the fixed field is Q(72 ++3) ·

(7) (i) Let chark= pho and gope .
Then chart-p and 12l = pl for some f

such that elf .

Consider the chain of field extensions
, Ip[KEL and recall that

K = SFip(X9-X) and L= SFIFp(XP?X) moreover XP-X is separable
thus the extension #pEL is separable .

This shows that KEL is

separable .

To see that KEL is normal note that L = SFr(XP 1-x)
.

(ii) Denote the Frobenius morphism by F. By the above description of K
it is clear that F(k) = k EkeK

.

This shows that FEGal)L/k)
·

Note that [L : K] = He So if we show that the order of F is

He we are done
. Suppose that the order of F is n. Then

Fr(t) = t for all tEL
.

But Fritl = tpen this shows that is a

MortpendthispyihtmostpenrootsSita
non-zero

(iii) Let &+LVlet us compute the norm of LEL
.

Recall that for xEL
such that [K(q) : K] = t and [L :KK15 = flet the chracteristic

polynomial of the matrix My : LtL corresponding to multiplication



Met
bya is given by (incirl. As KEKL is Galois,

MLik = T (X-Fall and the characteristic polynomial of Mx is
OEGal (k(x)/k)

X(Mal = (π (x-o()))
Pet. Now recall that

OtGal(k(k)

Gal(L/kY/Gal)L/kIx)) = Gal (K(x\tk) and IGalL/Kall =1/et

therefore for each ofGuLk(x)/k) there exist flet manyYet
& Gal((/k) Such that XBEK(X)elements Sti= 1

Fi(Bl = 01B1 . In particular,

(x- -(x))
.
- -

(x - o(d)) = T(X -o, (x))
-

↑ let times

Applying this to every element in Gal(K(d)/KI
,

we can write

X(Mal = T ( - OKI)
. Therefore ,

the norm Nua) of < is
OtGal)4/kI

given by Nix) = T &(1 . Recall that Gall 4/k)=/OEGal(LIk)

is generated by the Frobenius Fitte 19 this ,

12 Te 1912 - 1)/9- 1

N(xl = T29" =
21 + q + - + 9

=
X

i=0
f pl

Now we how that <P-2 = 0 or it to a
"

1 = 0.

Moreover K = SFFp(Xpe-X) .

Tuke BeKY then we claim that

139-2/ge 1
EL

.

Indeed,
Pl - 1

(19
-Yq( - 1 1 - 1 = (19

- Yp2 / )pt 1
- 1 = 39

-1
- 1 = 0 .

This shows that for BEK , N(B94-1) = B .



18) First of all note that x"+ X+ 1 is irreducible and separable .

Moreover

it'sNots are given by 2
.42 ,

24
,
28 (these are all distinct because

Clearly <22 ,
Moreover <"+h+ 1 = 0 + 2" = 2+2

,
likewise 28 =:+ 1)

.

This snows that Fp(a)/lFp is normal - IFp[p(x) is Galois
=> [ IFp(x) : Fp] = 4 = Gallip(a)/#p) .

As elements of
Gall Fp(X) : /p) permute the roofs < ,%2 ,

24
,
28 it is clear that

Gal)Fp(d) , AplE */42 generated by the Frobenius XreX?
The only subgroup of order 2 of 2/42 is given by 2/22 which is

generated by X+ X4 Now notice that

(x+x24 = x4+ 28 = x+ 1 +22+ 1 = x+ x2

Therefore <+x
*

E LH Moreover 2+#2 as if <+22 0 or

+ x" = 1 this relation would yield a polynomial ofdegree 2 for
which I is a bot but the minimal polynomial of & is

X4 + X+ 1
.

Finally notice that (4++2)+ (x+ +++ 1 = (2+24+ 2+ 22+ 1 = 24+x+ 1

= O

=> 22+ h is a root of x2+ x+ 1 => [Fp(xi+1): p] =2.

By the Gabis correspondence [LH : Fp] = 2 and there is only one

intermediate field of degree 2 between Ep and IFp(X) by the uniqueness
o H

.
This shows that LH = p(Ch+a) .


